Abstract. Pairing plays a crucial role in nuclear spectra and attempts to describe it has a long history in nuclear physics. The limiting case in which all single particle states are degenerate, but with different s-wave pairing strengths was only recently solved. In this strong coupling limit the nuclear pairing Hamiltonian also exhibits a supersymmetry. Another solution away from those limits, namely two non-degenerate single particle states with different pairing strengths, was also given. In this contribution these developments are summarized and difficulties with possible generalizations to more single particle states and d-wave pairing are discussed.
Introduction
Pairing plays a very prominent role in nuclear structure physics. The s-wave pairing problem can be conveniently formulated using the quasi-spin operators:
where Ω j = j + 
Quasi-spin operators generate mutually commuting SU(2) algebras:
which are realized in the s j = 1 2 Ω j representations. As we describe later, it is possible to define similar operators for d-wave pairing situations.
Exact Solutions
Over the years considerable attention was paid to exactly solvable pairing Hamiltonians with one-and two-body interactions. These cases include
• The exact quasi-spin limit [1] 
• Richardson's solution for the case when the single particle energies are added to the Hamiltonian in Eq.
• A model of Gaudin's [3] , which is closely related to the Richardson's solution.
• The limit with separable pairing in which the energy levels are degenerate (the one-body term becomes a constant for a given number of pairs) [4, 5, 6] :
• Most general separable case with two orbitals [7] .
Let us first examine the degenerate case. It is convenient to define the operatorŝ
Then the Hamiltonian in Eq. (7) can be written aŝ
In the 1970's Talmi [8] showed that under certain assumptions, a state of the form
where |0 is the particle vacuum, is an eigenstate of a class of Hamiltonians including the one above. IndeedĤŜ
How can we identify other one-pair states, which are eigenstates of the Hamiltonian in Eq. (7)? For example for two levels j 1 and j 2 , the state orthogonal to the one in Eq. (10)
is also an eigenstate with E=0. It turns out that there is a systematic way to find such states. First one introduces the operatorŝ
(Note that the operators in Eq. (8) are the same as the operators in Eq. (13) calculated at x = 0). Then one can show that [4, 5] 
is an eigenstate of the Hamiltonian in Eq. (7) with energy
if the following Bethe ansatz equations are satisfied:
is an eigenstate with zero energy if the following Bethe ansatz equations are satisfied:
It should be emphasized that the states in Eqs. (14) and (17) are eigenstates of the Hamiltonian in Eq. (7) if available single-particle levels are at most half full. One can show that, if the single-particle levels are more than half full, the statê
is an eigenstate with the same energy as in Eq. (15) if the Bethe ansatz equations given in Eq.(16) are satisfied [5] . In Eq. (19) |0 designates the state where all single-particle levels are completely filled. One should emphasize that although the solutions presented here are exact solutions, to obtain explicit expressions for the energies and eigenstates, one still needs to obtain solutions of the Bethe ansatz equations. So far methods to solve the Bethe ansatz equations were developed only in a limited number of cases [5, 9] . Note that it is also possible to calculate the quantum invariants of these pairing Hamiltonians [10] .
Supersymmetry
The above discussion indicates that the states of the Hamiltonian in Eq. (7) with N pairs (Eq. 14) and with N max + 1 − N pairs (Eq. 17) have the same eigenenergy. Furthermore the zero energy states are missing if the single-particle states are more than half full. This situation is reminiscent of the spectral conditions of the supersymmetric quantum mechanics [11] . Indeed introducing the operator [6] 
which transforms the empty single-particle state, |0 , to the fully occupied state, |0 :
one can define new operatorsB
Supersymmetric quantum mechanics tells us that the partner HamiltoniansĤ 1 =B +B− and H 2 =B −B+ have identical spectra except for the extremal (usually ground) state ofĤ 1 . Here two HamiltoniansĤ 1 andĤ 2 are actually identical and equal to the pairing Hamiltonian, Eq.
. Hence the role of the supersymmetry is to connect the states in Eqs. (14) and (19), i.e. this supersymmetry connects particle and hole states.
Exact solution for two single-particle states
It turns out that one can find an exact solution for the case where there are only two singleparticle levels [7] :
where ε j and c j 's are dimensionless and the sums are performed over only two single-particle states.
The eigenstates of the Hamiltonian in Eq. (23) can be written using the step operators:
as
Defining the auxiliary quantities
one obtains the energy eigenvalues as
In the above equations, the parameters x k are to be found by solving the Bethe ansatz equations
Prospects for other exact solutions
We have shown that there is an exact solution of the s-wave pairing problem with two nondegenerate orbitals in terms of the solutions of the Bethe ansatz equations. (This problem is of course numerically diagonalizable in an SU(2) × SU(2) basis). It seems to be very difficult to generalize the Bethe ansatz method to the case of three non-degenerate orbitals. (Of course the three single-particle level problem is diagonalizable in an SU(2) × SU(2) × SU(2) basis).
